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O 1 Introduction 



The Orbital Counting Problem states as following: given a discrete sub group 
A of a connected non-compact real algebraic semi simple Lie group G, find an 
asymptotic for the growth of 



^ #{geA:dxio,g-o)<t} 

when t — > oo where a — [K] is a point in G's symmetric space X ~ G/K and 
K is a maximal compact subgroup of G. 

When G has higher rank and the group A is a lattice, this problem has 
been studied by Eskin-McMullen[5]. They show that the number of points on 
A • o n B{o,t) is asymptotic (modulo a constant) to the volume Haar(i3(o, i)) 
of the ball of radius t. Hence, the asymptotic has a polynomial term together 
with an exponential term. Similar results have been obtained by Duke-Rudnick- 
Sarnak[4]. 
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The interest is then posed on subgroups of infinite co-volume. An important 
feature in negative curvature is the hmit set of the group on the visual boundary. 
On higher rank it turns out to be more useful to consider the Furstenberg 
boundary: 

Let P be a minimal parabolic subgroup of G and write ^ = G/P for the 
Furstenberg boundary of G's symmetric space. Benoist[l] has shown that a 
Zariski dense subgroup A of G has a smallest closed invariant set for the action 
A r\ ^, this set is called the limit set on ^ oi A and denoted La . 

Schottky groups provide an example of subgroups one can reasonably handle. 
These are finitely generated free subgroups of G, for which one has good control 
on the relative position of the fixed points on ^ of the generators, together with 
nice contractions properties. 

This precise information allows Quint[13] to build an cquivariant continuous 
function from the boundary of the group (in the sense of Gromov) to Fursten- 
berg's boundary ^. The limit set of the Schottky group is thus naturally iden- 
tified with a sub-shift of finite type. Quint [13] then studies the thermodynamic 
formalism on this sub-shift and obtains an asymptotic for the orbital counting 
problem for this class of subgroups. This asymptotic is exponential and does 
not contain any polynomial term. 

Let us introduce the subgroups of G we will study. The product ^ x ^ has 
a unique open G-orbit denoted d^^. For example, when G = PGL((i, M) the 
set ^ is the set of complete flags of M'^, i.e. families of subspaces {Vi}f^Q such 
that Vi C Vi+i and dimV^ = i; and the set d^J^ is the set of flags in general 
position, i.e. pairs {Vi} and {Wi} such that for every i one has 

Definition 1.1. Let F be the fundamental group of a closed negatively curved 
manifold. We say that a representation p : F — > G is hyperconvex if there 
exists a Holder continuous cquivariant mapping ( : dV — > JF such that the pair 
(C(x), C(y)) belongs to d^J^ whenever x,y E dV are distinct. 

Labouric[7] has shown that an important class of representations admits 
cquivariant mappings into Furstenberg's boundary. Consider S a closed ori- 
entable surface of genus g >2 and say that a representation 7ri(S) -^ PSL{d,M.) 
is Fuchsian if it factors as 

7ri(S) -^ PSL(2,M) -^ PSL(d,M) 

where PSL(2, M) -^ PSL((i, M) is the unique irreducible linear action PSL(2, M) r\ 
M'* (modulo conjugation by PSL(rf,M)) and 7ri(I]) -^ PSL(2,M) is co-compact. 
A Hitchin component of PSL((i, M) is a connected component of 

hom(7ri(i;),PSL(<i,M)) = {morphisms p : 7ri(S) -^ PSL(d,M)} 

containing a Fuchsian representation. 

Theorem (Labourie[7]). A representation in a Hitchin component o/PSL((i, M) 
is hyperconvex. 
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Denote C{X) the set of real continuous functions on some space X, and 
C*{X) its dual. The main result of this work, inspired in Roblin[15], is the 
following theorem : 

Theorem A (See section §5). Let p : T ^^ G he a Zariski dense hyperconvex 
representation, then there exist positive numbers, h and c, and a probability fj, 
on dT, such that 



-ht 

ce 



l:dx{o,p(l)-o)<t 



on C*{dT X dT) as t goes to infinity. 

As first shown by Margulis[10] in negative curvature, in order to obtain 
a counting theorem a mixing property of a well chosen dynamical system is 
sufficient. In compact manifolds of negative curvature the geodesic flow plays 
this role. In infinite co-volume, for example for convex co-compact groups, one 
should restrict the geodesic flow to its non- wandering set, also known as the 
convex heart of the group. 

When A is a lattice in higher rank Eskin-McMullen[5] use the mixing prop- 
erty of the Weyl chamber flow to prove the counting result previously mentioned: 

Let K he a maximal compact subgroup of G r the Cartan involution on g 
for which the set fixr is X's Lie algebra, consider p — {v G g : tv ~ —v} and o 
a maximal abelian subspace contained in p. 

Denote a+ C a a Weyl chamber and M the centralizcr of e° on K, then the 
Weyl chamber flow is the action 

A\G/M ^e°^. 

The mixing property of this action when A is a lattice is shown by Howe- 
Moore [6]. 

In this article we show a mixing property of the Weyl chamber flow for hy- 
perconvex representations. Before stating the result let us recall the Patterson- 
Sullivan theory on higher rank. 

Denote a : G ^ a+ for the Cartan projection (following the Cartan decom- 
position G = Ke° K) and chose a norm || |j on a invariant under the Weyl 
group. If II II is induced by a G-invariant Riemannian metric on X then for 
every g € G one has ||a((7)|| — dx{o,go). 

Hence one is interested in understanding the growth of 

#{,g e A : ||a(,g)|| < t} 

when t — > oo for a given subgroup A of G. Given an open cone "^^ C o consider 
the exponential growth rate 

log#{g e A : a{g) E "€ with ||a(g)|| < s} 
h'-g :— limsup 
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The growth indicator function, introduced by Quint[ll], is then the function 
ipA : a ^ K U {—00} defined as 

V'a(i') '■— \\v\\ ini{h<^ : '^ open cone with v € ^^■ 

Remark that V'A is homogeneous and does not depend on the norm chosen. 

Quint[f f] then shows the following theorem, recall that Benoist[l] has intro- 
duced the limit cone ^a, of a subgroup A, as the closed cone on a+ generated 
by {A((7) : g G A}, where A : G — > a+ is the Jordan projection. 

Theorem 1.1 (Quint[ll]). Let A be a Zariski dense discrete subgroup of G 
Then ip/^ is concave and upper semi-continuous, the set 

{v £ a : tpA{v) > —00} 

is the limit cone ^a of A. tp/^ is non negative on^^ and positive on its interior. 

The growth indicator function plays the role in higher rank of the critical 
exponent in negative curvature. Denote cr : G x ,^ — > a the Busemann cocycle 
introduced by Quint [12]: The set ^ is iiT- homogeneous with stabilizer M, then 
cr : G X ^ —> a is defined to verify the following equation 

gk — le'xp{a{g,kM))n 

following Iwasawa's decomposition of G = Ke'^N, where N is the unipotent 
radical of P. 

Theorem 1.2 (Quint[12]). Let A be a Zariski dense discrete subgroup of G. 
Then for each functional ip tangent to ip/^ in a direction interior to the limit 
cone, there exists a probability v^^ on .^ , supported on the limit set La, such 
that for every g G A one has 

dv,^ 

Remark that if i : a+ — > a+ is the opposition involution then tl)\i — ipA, 
since a{ig) — a{g^^). Hence, if (p G a* is tangent to ip/\, so is (pi. Thus, in 
higher rank Patterson-Sullivan's measures come in pairs. 

As in negative curvature, one can use these measures to construct invariant 
measures for the Weyl chamber flow. Consider the action of G on d^,^ x a via 
Busemann's cocycle 

g{x, y, v) = {gx, gy, v - (j{g, y)). 

The stabilizer of a point is isomorphic to M and we get thus an identification 
G/M — d^,^ X a. This is called Hopf's parametrization of G. 

Using Tits[20]'s representations of G one can define a Gromov product 

^n : d^^ -^ a 
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(see page 20) in order to trivialize Busemann's cocycle on d^^ i.e. for every 
g G G and {x,y) e d^.^ 

'^n{9x,gy) -~'^n(x,y) = -(icr(.g,a;) +a{g,y)). 

For a given (^ G a* tangent to 1p/^^, the measure 

is thus A invariant and a invariant. Denote Xf the measure induced on the 
quotient A\G/M, we call this measure the Bowen-Margulis measure for ip by 
analogy with the negative curvature setting. Its support is the set 

A\a2LAXo 

where d^ La = L^ n9^,^. An important contrast thought is that x^p should 
have infinite total mass. 

We then show the following mixing property for hyperconvex representations 
inspired in the work of Thirion[19] that shows an analogue mixing property for 
ping-pong groups: 

Theorem B (Theorem 4.18). Let /? : F — > G &e a Zariski dense hyperconvex 
representation, (p G a* tangent to V'a "iiT- the direction u^. Assume also that 
u^p belongs to the interior of the limit cone. Then there exists some positive 
constant k such that for any two continuous functions /o, /i : p{T)\G/M — > M 
with compact support one has 

when t — > oo. 

In section §2 we recall results on Holder cocycles from A.S.[17], of partic- 
ular interest is the reparametrizing theorem 2.9. This theorem is crucial in 
understanding the nature of 

p(r)\a2Lp(r)Xa 

when p : F ^- G is hyperconvex (proposition 3.2). In section §3 we study vector 
cocycles and prove a general mixing property that will imply theorem B. This 
is shown in section §4. In the last section we prove theorem A. 
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2 Real Holder cocycles 

Reparametrizations 

Let X be a compact metric space and (j)t : X O & continuous flow on X without 
fixed points. 

Definition 2.1. A translation cocycle over (j)t is a function k : X x M ^ M^ 
that verifies the following two conditions: 

- For every x G X and t, s G M one has 

k(x, t + s) = K,{(j)s{x), t) + K,{x, s), 

- For every t G M K{-,t) is Holder continuous with exponent independent of 
t and with bounded constant when t is bounded. 

The standard example of a translation cocycle is by considering some Holder 
continuous function / : X ^ M'' and setting k/ : X x M ^ M'' as 

Kf{x,t) = / f(t)s{x)ds, (1) 

Jo 

if i is positive, and Kf{x,t) :— — k f {(jytx , —t) for t negative. 

Two translation cocycles ki and k.2 are said to be Livsic cohomologous if 
there exists a continuous V : X ^^M. such that for all x G X and t gM. one has 

Kl(x,t) - K2{x,t) ^ V{(t)tx) - V{x). 

We say that some function U : X ^- R"^ is C in the flow's direction if for 
every x € X the function t >-> U{(j)t{x)) is of class C'^ and the function 



d 



is continuous. Hence, if two translation cocycles Kf and Kg are Livsic cohomol- 
gous then the function T^ is C in the flow's direction and 



d 

f{x)-g{x) = — 



v{Mp))- 

t=o 



For a periodic orbit t of (j)t we denote the p{t) for its period. If k is a 
translation cocycle then the period of k for t is defined as 

Lk{t) = k{x,p{t)) 

for any a; € r. It is clear that Li^{t) does not depend on the point x G t chosen, 
and that the set of periods is a cohomological invariant of k. 

Assume now that / : A" — > M is positive, then since X is compact / has a 
positive minimum and Kf{x, •) is an increasing homeomorphism of M. We then 
have an inverse a/ : A x M ^ M that verifies 

a/(x, Kf{x, t)) — Kf{x, af{x, t)) = t (2) 

for every {x, t) e A x M. 
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Definition 2.2. The reparametrization of (j)t by / is the flow ipt '■ X O defined 
as tpt{x) :— (f>at{x,t){x)- If / is Holder continuous we shall say that ipt is a Holder 
reparametrization of (f)t ■ 

Remark 2.1. When two continuous functions f,g:X^>^ M^ are Livsic cohomol- 
ogous the reparametrization of (pt by / is conjugated to the reparametrization 
by g, i.e. there exists a homcomorphism h : X ^i' X such that for all p € X and 
te R 

h{ip{p) = V'f (M■ 
If 771 is a (/)t -invariant probability on X and ipt is the reparametrization of (j)-t 
by /, then the probability m' defined by dm' /dnn{-) — f{-)/'m{f) is i/ij-invariant. 
In particular, if r is a periodic orbit of (j)t then it is also periodic for ipt and the 
new period is 

/•p(-r) 

/= / fiM^Ms 



for any x G t. 

Denote Ai'^* the set of (/)i-invariant probabilities. The pressure of a contin- 
uous function / : X ^ M is defined as 



Pi4>t,f)= sup h{(t>t,m)+ fdm. 

meM't't Jx 

A probability m such that the supremum is attained is called an equilibrium 
state of /. An equilibrium state for the potential / = is called a probability if 
maximal entropy and its entropy is called the topological entropy of (/)t , denoted 
htop{4't)- 

Lemma 2.1 (§2 of A.S.[17]). Consider ijjt : X O the reparametrization of 
4>t '■ X (3 by f : X ^>- M!j_. Assume h :— htop{ipt) < oo, then the bijection 
m t-^ m' induces a bijection between equilibrium states of —hf and probabilities 
of maximal entropy of -ipt . 

Anosov flows and Markov codings 

Assume from now on that AT is a compact manifold and that the flow (j)t : X O 
is C"'^ . We say that (l)t is Anosov if the tangent bundle of X splits as a sum of 
three d^j-invariant bundles 

TX = E' ®E° (BE"", 

and there exist positive constants C and c such that: E'^ is the direction of the 
flow and for every t > one has: for every v Cz E'^ 

\\d<l>tv\\<Ce-^'\\vl 

and for every v E E"^ ||(i(/)_tw|| < Ce^"^*!!!)!!. 

We need the following classical result of Livsic [9]: 
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Theorem 2.2 (Livsic[9]). Let (t>t : X Q he an Anosov flow and n : X xM. ^ W^ 
a translation cocycle. //L„(t) = for every periodic orbit r, then there exists 
V : X ^ G Holder continuous such that 

Kix,t) = Vi^tx)~Vix). 

As shown by the next lemma, one can always chose a translation cocycle of 
the form k/ in the same cohomology class of a given translation cocycle k. 

Lemma 2.3. Let k : X x M — > M'^ be a translation cocycle then there exists 
/ : X — > M'' Holder continuous such that the cocycles k et Kf are cohomologous. 

Proof. Fix some C > and consider the cocycle 

1 f^ 

K^{x,t) ^ -^ K{(t)s{x),t)ds. 

k'~^ and K are cohomolgous since they have the same periods. One easily checks 
that K^{-^t) is of class C^ in the flow's direction and thus nf is the integral of 
some function on the orbits oi (pf D 

The following lemma is extremely useful. 

Lemma 2.4 (§3 of A.S.[17]). Consider / : AT ^ M Holder continuous such that 

1 



, . , f>k 

p{t) 

for some positive k and every periodic orbit t of (f>f Then f is Livsic cohomol- 
ogous to a positive Holder function. 

In order to study ergodic theory of Anosov flows, Bowen[3] and Ratncr[14] 
have introduced the notion of Markov coding. 

Definition 2.3. We shall say that the triplet (S,7r,r) is a Markov coding for 
0t : X O if S is an irreducible subshit of finite type, tt : E ^ A" and r : E ^ M^ 
are Holder continuous and the function tTj. : S x M — > AT defined as 

TTr{x,t) = (ptTTix) 

verifies the following conditions: 

i) TTr is surjective and Holder, 

ii) let cr : S O be the shift and let f : S x M O be defined as r{x,t) = 
(era;, t — r{x))^ then tt^ is f-invariant, 

iii) TTr : S X 'K/r — > AT is bounded-to-one and injective on a residual set which 
is of full measure for every ergodic invariant measure of total support (for 
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iv) consider the translation flow ctJ" : E x K/f O then Tr^CTj" — (ptT^r- 

Remark 2.2. If 0t : X O admits a Markov coding then it has a unique probability 
of maximal entropy and the function tt^ : S x M/f — >■ X is an isomorphism 
between the probabilities of maximal entropy of crj" and that of ipt- In particular 
the topological entropy of (pt coincides with that of al. 

We will use the following corollary of A.S.[17]: 

Corollary 2.5 (§2 of A.S.[17]). Let V be a co-compact group of isometries of a 
complete simply connected manifold of negative curvature M. Let (j)t : r\T-'^M O 
he the geodesic flow and xpt : T\T^M O be a Holder reparametrization of (jit- 
Then ipt admits a Markov coding (S,7r,r). The group generated by the periods 
of the suspension flow crj" is dense in M. 

Holder cocycles on dV 

Let r be a torsion free co-compact group of isometrics of a complete simply 
connected negatively curved manifold M. The group F is hyperbolic and the 
visual boundary of M is identified with the boundary of the group. We will now 
focus on Holder cocycles on dV. 

Definition 2.4. A Holder cocycle is a function c : F x 9r — > M such that 

c(7o7i,a;) = 0(70,712;) +c{ji,x) 

for any 70, 7i G F and x € dV, and where 0(7, •) is a Holder map for every 7 G F 
(the same exponent is assumed for every 7 e F). 

Recall that the dynamics of each 7 e F on 9F is of type north-south: 7 has 
two fixed points, 7-(_ (an attractor) and 7_, and the basin of attraction of 7+ is 
9F-{7-}. 

Given a Holder cocycle c we define the periods of c as the numbers 

4(7) — c(7,7+) 

where 7+ is the attractive fixed point of 7 in F — {e}. The cocycle property 
implies that the period of an clement 7 only depends on its conjugacy class 

[7] e [F]. 

Two cocycles c and c' are said to be cohomologous if there exists a Holder 
function f7 : 9F ^ M such that for all 7 G F one has 

c(7,x) — c'(7,x) — U{jx) — U(x). 

One easily deduces from the definition that the set of periods of a cocycle is a 
cohomological invariant. We shall use the following theorem of Ledrappier[8] 
which relates Holder cocycles with Holder potentials on T^M . 
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Theorem 2.6 (Ledrappier[8], page 105). For each Holder cocycle c there exists 
a Holder continuous T -invariant function Fc : T^M ^i' R such that for every 
7 G r one has 

4(7):=c(7,7+)= If,. 

J ■y 

A change in the cohomology class of c produces a change in the Livsic cohomol- 
ogy class of F,. 

We are interested in cocyclcs with positive periods, i.e. ici"f) > for every 
7 G r. The exponential growth rate of such cocycle is 

he := lim sup —^ —^ G (0, ooj 

s— >-oo S 

where [7] is the conjugacy class of 7. (It is consequence of Ledrappier's work 
that a Holder cocycle c with positive periods verifies h, > 0). 

Lemma 2.7 (§2 of A.S.[17]). Let c : T x dV ^ R be a Holder cocycle with 
positive periods and finite exponential growth rate, then the function F, is Livsic 
cohomologous to a positive function. 

If c has finite exponential growth rate then, following Patterson's construc- 
tion, Ledrappier[8] shows the existence of a Patterson-Sullivan probability fx 
over dr of cocycle hcC, that is to say, /i verifies 



d/i 



(x) ^e- 



Theorem 2.8 (Ledrappier[8] page 102). Let c be a Holder cocycle with positive 
periods. Then c has finite exponential growth rate h, if and only if there exists a 
Patterson-Sullivan probability of cocycle h^c. If this is the case, the Patterson- 
Sullivan probability is unique. 

Let c be a cocycle such that 4(7) — 4(7^^), c is called a dual cocycle of c. 
Set d^T to be the set of pairs (x,y) £ dT x dT such that x ^ y. We shall say 
that a function [•, •] : d^T ^ M is a Groniov product for a pair of dual cocycles 
{c, c} if for every 7 G F and (x, y) G d^V one has 

[ix, -iy] - [x, y] = -(c(7, x) + c{j, y)). 

Remark 2.3. The existence of these objects for a given Holder cocycle is conse- 
quence of Ledrappier's theorem 2.6. See §2 of A.S.[17] for details 

Denote by /i and JL the Patterson-Sullivan probabilities associated to c and c 
respectively. The following theorem is crucial in undertanding the Weyl chamber 
flow: 

Theorem 2.9 (The reparametrizing theorem, A.S.[17]). Let c be a Holder co- 
cycle with positive periods such that h, is finite. Then: 
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1. the action ofT in d^T x M via c, 

7(2;, y, s) = {jx, jy, s - c(7, J/)), 

is proper and co-compact. Moreover, the translation flow ipt ■ r\9^rxM O 

ipt{x,y,s) = {x,y,s-t) 

is conjugated to a Holder reparametrization of the geodesic flow on T\T^M . 
The conjugating map is also Holder continuous. The topological entropy 
ofipt is he. 

2. The measure 

e~^''^'^'^~p,® ^i®ds 

on d^T X M induces on the quotient r\9^r x K the measure of maximal 
entropy of ipt. 

3 The action V rv TX^^r x V 

Consider a finite dimensional vector space V and fix some Holder cocycle c : 
r X i9r — > y with values on V. The periods of c are the vectors 

4(7) := c(7,7+) for 7 G T. 

We call ^c the smallest closed cone of V that contains the vectors (dl) for 
every 7 G F. The dual cone of J/fc is the set of linear functionals positive on this 
cone: 

^: ^{^eV* : ^\^c > 0}. 

For ip € I£* denote c^ for the real cocycle (/? o c and h^ its exponential growth 

, ,. log#{[7]:y(4(7))<4 

tiu, := limsup . 

s s 

A direct consequence of the reparametrizing theorem 2.9 is the following. 

Corollary 3.1. // there exists ip G ^* .such that h^ is finite then the action 
F nv 9^F X V via c, 

7(2;, y, v) = (7X, 72/, V - c(7, y)), 

is properly discontinuous. 

Proof. One applies theorem 2.9 to the cocycle c^. D 

We want to understand the topological nature of F\9^r x V together with 
the action of V. We also need to keep track of a natural measure on F\9^r x V 
related to c. 
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Assume from now on the existence of (^ € ^* with h^ finite. Fix also a dual 
cocycle c of c and a vector Gromov product [•, •] : d^T — > V for the pair {c,c}. 

Denote pL^p and Ji for the Patterson-Sullivan probabilities of cocycle hipC^p 
and hpCp respectively. The function 

[■r\v :=</'° [•>•] 

is a Gromov product for the pair {c^, c^}. The measure induced on the quotient 
by 

e ''^■[■'■l»'/i^(8)/i^(8)Leby 

where Leby is a Lebesgue measure on V, is denoted $1,^ and called the Bowen- 
Margulis measure of the pair {c, c} for the functional (p. 

Definition 3.1. Fix some F- invariant Holder continuous function F : T^ M —>■ 
V given by Ledrappier's theorem 2.6 for the cocycle c. For (p e ^* denote to,^ 
for the equilibrium state on T^M of the function —h^ip o F. Then, the dual 
direetion of h^ip is the direction in V given by the vector 

Fdm^. 

The dual direction of (p is the same for any functional in R+(/9 and is in- 
dependent on the choice of F since a change in F's cohomology (Livsic class) 
does not change the value of the integral / Fdm for any (/>i-invariant probability 
measure. 

Remark that since h^p < oo lemma 2.7 implies that the function (p{F) is 
cohomologous to a positive function and thus we can choose some u^ in the 
dual direction of (p such that ipiu^p) — 1. Consider the flow Utu ■ r\9^F x V (3 
defined as the quotient of 

{x,y,v) !-> {x,y,v-tu^). 

Proposition 3.2. Assume there exists ip € ^* such that h^ is finite. Then 
there exists a Holder reparametrization of the geodesic flow ipt ■ T^M O and a 
Holder function f : T^M — > ker^s with 

fdm' = 0. 

for ^t 's probability of maximal entropy m' , and a Holder continuous function 

E : T\d'^T xV ^ T^M x kcr ip 
that conjugates flow ujtu with the flow ipt ■ T^M x ker^s O defined as 

'4't{p,va) ^ {ipt{p),vo~ fipsivjds). 
Jo 

E also conjugates the action ofkenp and is an isomorphism (modulo a constant) 
between the measures Q^ and m' ® Lebkon^ • 
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Proof. Consider the function (^ : d^T x ^ ^ ff^T x K given by 

ip: {x,y,v) h^ {x,y,Lp{v)). 
The action of F on 9^r x y is read, via (f, as 

7(x, y, t) ^ (-ix, 7j/, t - c^{-i, y)) 
and the measure $7^ descends on d^T x M as 



e 



-h^ 



'■^fx^ (8)^^ (g) Lebi 



Since h^ is finite the reparametrizing theorem 2.9 apphes and thus the action 
of r on d^T X M via c,^ is properly discontinuous. Moreover there exists E : 
T\d^T X M — )■ T\T^M Holder continuous which conjugates the translation flow 
with ipt and the image of the measure (induced in the quotient by) 

e-''<^[-'-lv=^^0^^0LebR 

is i/'t's measure of maximal entropy. We can assume (via a cohomology choice) 
that (p{F) is strictly positive (lemma 2.4) and thus the flow ipt is the repara- 
metrization of the geodesic (pt by f{F). We then have that ipt^s probability of 
maximal entropy is m' (recall that rn^ is the equilibrium state of ^h^ip(F), 
and use lemma 2.1). 

Considering the composition E o ip : r\d^ x V^ ^ r\T^M one finds that, for 
every u e V, 

{x,y,v-u) H^ tp^(^u){E{x,y,ip{v))). 

In particular the flow ujtu descends on T^M as ipt- 

The action of the abelian group ker cp on d^T x V commutes with F's action 
and preserves the fibers ip^^{x,y,t) of ip. This action induces thus an action of 
ker ip on the quotient and one finds that 

Eo^: T\d'^T X V -^T^M 

is a vector bundle with fiber ker (/3, and that the group ker ip acts on r\9^r x V 
preserving the fibers, this is 

ker(^ -^ T\d'^V xV ^ T^M 

is a principal bundle with group ker (p. Using the zero section of a vector bundle, 
and the action of ker (/?, one can trivialize this principal bundle. Hence, r\9^r x 
V is (Holder) isomorphic to T^M x ker</?. 

Set *t : T'^M x ker(^ O to be the corresponding fiow to Utu^ : T\d'^T xV O 
via this last identification. Since Wtu commutes with the action of ker p^ the 
same occurs for V^j and thus one can write 

*t(p,Wo) = {tpt{p),Vo - K.{p,t)) 
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where k : T^M x R — >■ kerip is a translation cocycle over ?/>t. Lemma 2.3 implies 
the existence of a Holder continuous function f : T^M ^ kenp such that the 
cocycles n and {x,t) i— >■ /p fipsix)ds are cohomologous (for the dynamics ipt). 
The flow ^t is then conjugated to the flow 



'4>t{x,v) = {Tpt{x),V- 



Ji})s{x)ds) 



We remark that the image of the measure Q,^ on T^Ai x ker(/3 is a measure 
that descends to T^M as m! and is keriy9-invariant. This measure is then 
m'^ (g) Lebkor ^ ■ 

It remains to check that /^ij^j fdm' = 0. In order to do this recall that 
^(uip) — 1 and that u^p is co-linear to the vector J Fdm^p, moreover 



Fdm,, 



, / (p{F)dTn^ 



^pW7))0 




Figure 1: If p e T^M belongs to the periodic orbit associated to [7], the trans- 
lation on the fiber ker ip, by the flow Tpt at the returning time, is given by i^ij)- 



Consider F = Fq + (p{F)u^ following the decomposition V = ker ip ® Mu^ 
One obtains thus that 



Fgdm, 



T^M 



V 



0. 
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For 7 € r let ^0(7) be the projection of the period tc{l) on kcri/? following 
the decomposition V = ker Lp © M.u^ . One has that 

The fact that ^t is conjugated to the flow wm implies that 
^c(7) = / I^sds - / fci>MF<i>s)ds 



[7]' Jb\ 

(see figure) where [7]' is the periodic of i/"* associated to [7]. Livsic's theorem 
2.2 then implies that the functions Fo and f(p{F) are cohomologous (for the 
dynamics (f>t), and thus 

= / Fodm^ = / fip{F)dm^ = / fdm'^. 

This finishes the proof. 

D 

Mixing properties of y's action 

Now that we have a good description of r\9^r x V together with F's action 
we can use Markov codings, and a theorem of Thirion[19] for suspensions of 
sub-shifts of finite type, to prove the following mixing property: 

For i;o € ker (p and t € IR+ denote w^" : r\9^r x ^ O defined as the induced 
in the quotient of 

(x, y, v) K^ (x, y,v- tu^ - Vivo). 

Theorem 3.3. Let c : F x dT -^ V be a Holder cocycle such that the group 
generated by its periods is dense in V. Suppose there exists a linear functional 
(fi G ^* such that ft,^ < 00. Then w^" : F\9^F x V O verifies: given two 
compactly supported continuous functions /o, /i : F\9^F x ^ — > M then 

(27ri)('i'-^-i)/2 / fo{z)fi{wrz)dnUz) 

Jr\d^rxv 

converges, when i — > 00, to 

k{vo)n^{fo)n^{fi) 

for some constant k(vQ). 

Proof. Applying proposition 3.2 we get a reparametrization of the geodesic flow 
ipt ■ T^M (3 together with a Holder continuous function / : T^M -^ kci ip and 
E : T\d^r xV ^ T^M x ker 93 that conjugates: 

- the action of kcrip on F\9^r x V and on T^M x ker</?, 
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- the flow Ldtu with 

{x,v)^^ {ipt{x),v~ / ftps{x)ds) 
Jo 

Hence we wih study mixing properties of 

t ■ {x,v) 1-^ {ipt{x),v - ftpsds - Vivo). 
Jo 

D 

Consider (I]yi,7r,r) a Markov coding for tpt ■ T^M O (corollary 2.5). There 
exists an equilibrium state of the shift a : S^ O, denoted v^, corresponding 
to the measure m' via the Markov coding, i.e. for every measurable function 
G : T'^M -)■ M one has 

Gdm'^ ~ / G{ipsT^{x))dsdi'^. 

T^M JT,A Jo 

Define K : Ha -^ V given by 

K(x) = I f'ips{Trx)ds + r{x)u^ 
Jo 

and K : S^ x V O as K{x, v) ~ {ax, v — K{x)). 

Lemma 3.4. The function n : T^^ x F ^ T^M x ker^s, defined as 

n{x,v) ^ {■iIj^(^^){ttx),v - (p{v)u^~ / /i/'s(7ra;)ds) 

Jo 

= ^ifiv) (Trx, w - (p{v)u^) 

is K -invariant and induces measurable isomorphism between v^ <Si Leby and 
m'^ (g) Lebkor ^ ■ 

Proof. The proof follows directly from the properties of Markov codings. D 

Hence, the flow ipt is measurably conjugated to the translation flow on Y,a x 
V/ K in the direction given by the vector 

Kdv,^. 

Moreover, this conjugation also conjugates the action of ker(/? on T^M x keri^ 
and on E^ x V. The theorem 3.3 is thus consequence of the following theorem 
due to Thirion[19]. 
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Theorem 3.5 (Thirion[19]). Let T,a be a sub-shift of finite type K : Yia -^ V 
Holder continuous function and v an equilibrium state. Assume there exists 
(fi ^ V* such that ip{K) is cohomologous to a positive function. We also suppose 
that the group generated by the periods of K is dense in V. Set 

Kdv e V. 

Then the translation flow T,a x V/ K in the direction of t verifies: given two 
compactly supported continuous functions /o, /i : S^i x V/ K — > M and vq G ker ip 
one has 

(27rt)(^™^-i)/2 f fo{x,v)fi{x,v^tT^Vivo)diy(^Lehv 

converges when i — > oo, to 



k{vo) / /odi^ (8) Leby / /idz^ (g) Leby 

Ji^A^v/k Jua-xVIk 

where k{vo) is some constant depending on vq. 

4 Convex representations and the Weyl cham- 
ber flow 

We are now interested in studying representations F — > G admitting equivariant 
maps to J^g — G/Pg where Pg is some parabolic group of G. Recall that F is 
the fundamental group of some closed negatively curved manifold M. 

Consider a real semi-simple algebraic group G. Let K he a maximal compact 
subgroup of G T the Cartan involution on g for which the set fixr is K^s Lie 
algebra, consider p — {v Cz Q : tv = —v} and a a maximal abelian subspace 
contained in p. 

Let S be the roots of a on g, S+ a system of positive roots on S and H 
the set of simple roots associated to the choice S+. To each subset 9 oi H one 
associates a parabolic subgroup Pg of G whose Lie algebra is, by definition, 

aes+ ae(n-e) 

where {9) is the set of positive roots generated by 9 and 

Qa = {w ^ g : [v, w] — a{v)w Vw G a}. 

Every parabolic subgroup of G is conjugated to a unique Pg. 

Set W to be the Weyl group of S and note wq : a —>■ a the biggest element 
in W, wq is the unique element in W that sends a+ to — o^. The opposition 
involution i : o — > a is the defined as i := —wq. 
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Fix from now on C 11 a subset of simple roots of G and write ^e for G/Pe. 
We eonsider also P{g, the parabolic group associated to 

\9 := {ao'i: ae 6}. 

The set =^ie x .j^g possesses a unique open G-orbit, which we will denote d^,j^g. 

Definition 4.1. We say that a representation p : F ^ G is 6- convex if it admits 
two Holder continuous equivariant maps ^ : dT — > ^g and rj : dV ^- J^jg such 
that whenever x ^ y m. dV one has that the pair {S,{x), ri{y)) belongs to ff^^g. 

A Il-convex representation (i.e., when the set is the full set of simple roots 
and thus the parabolic group Pn is minimal) is called hyperconvex. The set ^n 
is the Furstenberg boundary ^ of G's symmetric space. 

An element g € G is said to be proximal on ^g if it has an attracting fixed 
point on ^g. This points is noted 5^. One finds that such g also has a fixed 
point g^_ on ^\g wich is the attractor for g~^ on ^\g and every point x G ^g 
such that the pair {g?_,x) belongs to d'^^g verifies g^x — > g^. The point g^ is 
called the repelling hyperplane of g. 

Lemma 4.1 (§3 of A.S.[16]). Let p : T ^^ G he a Zariski dense 6-convex 
representation, then for every 7 G F, p(j) is proximal on .^g, ^(7+) is its 
attracting fixed point and ?7(7_) is the repelling hyperplane. 

The equivariant functions S, and rj of the definition are then unique since 
attracting points 7+ are dense in dT. The image of ^ (reps. 77) is then the limit 
set of p(F) on ^g (resp. ,^ig). 

An element g € G is said to be purely loxodromic if its conjugated to an 
element on Me° where 0++ is the interior of the Weyl chamber. 

The corollary implies, in particular, that hyperconvex representations are 
purely loxodromic. Nevertheless one has the following stronger result, recall 
that by definition, the limit cone of a subgroup is closed. 

Lemma 4.2 (§3 of A.S.[16]). The limit cone of a Zariski dense hyperconvex 
representation is contained in the interior of the Weyl chamber a^ . 

Busemann cocycle 

Given a 6'-convex representation p : F — > G there is a natural Holder (vector) 
cocycle on the boundary of F that appears, for which we need Busemann's 
cocycle on G introduced by Quint[12]: 

The set ^ is iiT-homogeneous with stabilizer M, where K is a maximal 
compact subgroup of G, one then defines dn : G x ^ — > a to verify the following 
equation 

gk — Zexp(crn(.9i kM))n 

following Iwasawa's decomposition of G = Ke'^N, where N is the unipotent 
radical of P. 
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In order to obtain a cocycle only depending on the set ,^g (and G) one 
considers 

ae := || kera 

the he algebra of the center of the reductive group Pg D Pg, where Pg is the 
opposite parabolic group of Pg. Consider also pg : a ^ ag the only projection 
invariant under the group Wg — {w e W : 'w{ag) — ag}. 

Remark 4.1. One easily verifies the following relation: pig = ipg i. 

Quint[12] then shows the following lemma: 

Lemma 4.3 (Lemma 6.1 of Quint[12]). The function pg o an factors trough a 
function ag : G x .^g — > a^. og verifies the cocycle relation: for every g,h € G 
and X € .^g one has 

ag {gh, x) — ag{g, hx) + ag{h,x). 

The cocycle one naturally associates to a (^-convex representation is then 
f3g : T X dT ^^ ag defined as 

(3g{j,x) = ag(p{-y),^{x)). 

Every g G G decomposes into g =^ gsgu where gg is semisimple and g^ is 
unipotent. The Jordan projection A : G — > o+ is defined as gg ~ me^^^> for 
some m G M. 

Lemma 4.4. Let p : V ^^ G he Zariski dense and 0-convex. Then for every 
7 e r the period /3e(7,7+) of I3g is 

Proof. The proof follows exactly as lemma 7.5 of A.S.[17]. D 

Consider the Holder cocycle 

I3g := iPig. 

Since ipg i = Pig and i(A(g)) = X{g^^) for every g £ G one obtains the following 
corollary: 

Corollary 4.5. The pair {I3g,l3g} is a pair of dual cocycles. 

Consider the cone ^f* , this is the closed cone generated by 

{\g{p-f) : 7 e r} 

and consider its dual cone 

iff := {^ e a; : ^jif^ > 0}. 

Since ^^ is contained in pg{a^) it docs not contain any line, the dual cone is 
thus .^p with non empty interior. 
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Lemma 4.6. Let p : T ^> G be a Zariski dense 9-convex representation and 
consider some ip in the interior of the dual cone ^p then the cocycle ip o (3g : 
r X 9r — >• R has finite exponential growth rate. 

Proof. The proof of the lemma follows exactly as lemma 7.7 of A.S.[17]. D 

Applying corollary 3.1 to the cocycle /^e one directly obtains: 

Corollary 4.7. Let p -.T ^f G be Zariski dense and 9-convex, then the action 
r r\ d^T X ae is properly discontinuous. 

Even thought we will not use it on this paper we remark that lemma 4.6 
together with corollary 4.1 of A.S.[17] imply the following counting result: 

Corollary 4.8. Let p : T ^^ G be Zariski dense and 9-convex, and consider ip 
in the interior of ^^ , then there exists h^ such that 

Kte-'^-'Mb] e [r] : viMpi)) <t}^i 

when t — > oo. 

Gromov product 

The purpose of this section is to define a Gromov product for the pair {/3e, /3e}. 
We begin with the following result of Tits [20]. 

Proposition 4.9 (Tits[20]). For each a G 11 there exists a finite dimensional 
proximal irreducible representation Aq, : G — )■ PGL(Va) such that the highest 
weight Xa of A^ is an integer multiple of the fundamental weight uja . Moreover, 
any other weight of Aq, is of the form 

Xa - a - X! "/^^ 
/Sen 

with n^ G N. 

Fix some 9 and consider some a E 9. Consider also Aq, : G ^ PGL(Vq) a 
representation given by Tits's proposition. Since Aq is proximal, one obtains 
an equivariant mapping ^q : .J^g — > P(Vq). 

The highest weight of the dual representation A* : G ^ PC^q!^) is Xa i, one 
thus obtains an equivariant mapping ??« : ^le — > V{V*). Moreover, the pair 
{x, y) G 8"^^$ verifies 

r?a(x)|Ca(?y)^0. 

We define the Gromov product ^g : d^^g — > o.g as follows: Since {wqIo^ : 
a G 0} is a basis of a^ the same occurs for {xa|fle}ae0- The element ^e(a;, y) is 
thus determined by Xa(%(a;, y)) for every a E 9. 

Consider a scalar product on Vq such that Aa{K) is orthogonal and expa is 
symmetric. The euclidean norm || ||q induced by this scalar product verifies 

l0g||Aa(ff)||a =Xa(a(ff)) 
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where a : G ^ a+ is the Cartan projection. We then define Xa{'^e{x,y)) as 

\M»\\v\\a 

for some (p e rja{x) and v G S,a{y)- 

Lemma 4.10. For every g £ G and x,y £ d^^e one has 

%{9x,gy) ~%{x,y) ^ -{i(Jie{9,x) +(7g{g,y)). 

Proof. The lemma follows from the formula 

\>fog'^{gv)\ \(p{v)\ \\gip\\ \\gv\\ 

log T] mrn — u - log = - log -n— n- + ^^S ITF ' 

for a norm on a vector space V, every g G PGL(V^) and {(p, v) G P(T^*) x ¥{V) — 
{((p,w) G P(y*) X ¥{V) : (p(w) = 0}, together with the definition of % and the 
fact that for every a G 6 



Xa{(^i9,x)) =log 



\^aig)v\\a 



for V G (,a{x) (lemma 6.4 of Quint [12]). D 

The following corollary is immediate. 

Corollary 4.11. Let p :T ^f G be a Zariski dense 9-convex representation and 
consider p in the interior of the dual cone ^^ , then the function [•, -Ji^ : d^T — > 
M defined as 

[x,y]^ ^po%{-q(x),i{y)) 

is a Gromov product for the pair of dual cocycles {p{Pd), p{f3d)}. 

We need the following theorem of Benoist[2]: 

Theorem 4.12 (Benoist[2]). Consider A a Zariski dense subgroup ofG, then 
the group generated by {A(g) : g G A} is dense in a. 

Recall that the Bowen-Margulis measure for p is the measure ft^p on r\9^r x 
0^1 defined as the induced in the quotient of 

where /n^ and Ji^ are the Patterson-Sullivan probabilities of cocycles ip{l3e) and 
ip{(3if) respectively. Benoist[2]'s theorem guarantees the missing hypothesis of 
theorem 3.3 and we obtain thus the following. 

Theorem 4.13. Let p : T ^ G be a Zariski dense 6 -convex representation, and 
consider p in the interior of the cone Jff^ . Denote u^ the dual direction of 
p. Then there exists some positive constant k such that for any two continuous 
functions /g, /i : r\9^r x Og — > M with compact support one has 

(2^^)(dima.-l)/2^^(^^ . /i oc^,„.) ^ Kr!^(/o)f^^(/i) 

when t — > oo. 
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Remark 4.2. When 6 is not the full set of simple roots, the last theorem does 
not give a mixing property of the Weyl chamber flow of p{T), nevertheless it 
may turn out to be useful since 

p(r)\a2Lp(r)Xa 

fibers over 

(where Lp(r) is the limit set of p{T) on ^). 

The growth indicator function 

Denote a : G — > a+ for the Cartan projection (following the Cartan decomposi- 
tion G = Ke'^ K), X = G/K for G's symmetric space and fix a norm || || on o 
invariant under the Weyl group. If || || is induced by a G- invariant Riemannian 
metric on X then one has ||a((7)|| = dx{o,go) where o = [K] for every g Cz G. 
Hence one is interested in understanding the growth 

,11 II ,. log#{g€ A:||fl(ff)||<g} 
h^ := limsup 

for a given subgroup A of G. Given an open cone "rf G a we consider the 
exponential growth rate 

log#{g € A : a(g) e '^^ with ||a(ff)|| < s} 
h^ := hmsup , 

the growth indicator function, introduced by Quint[ll], is then the function 
f/'A : a ^ M U {— oo} defined as 

V'a(i') '■— \\v\\ v[ii{h<g : '^ open cone with v G ^^. 

Remark that V'A does not depend on the norm chosen. Quint [11] then shows 
the following theorem. 

Theorem 4.14 (Quint[ll]). Let A 6e a Zariski dense discrete subgroup of G 
Then xpA is concave and upper semi-continuous, the set 

{v G a : tpA{v) > — oo} 

is the limit cone Jff^ of A. ip\ is non negative on ^a o,nd positive on its interior. 

One then retrieves the exponential growth rate for a given norm as 



vea-{0} ll^l 



sup — j^ — — = h\ 



Assume from now on that || || comes from a G-invariant Riemannian metric 
on X and set h/\ = hj^ . Since ip/^ is concave, and the balls of || j| arc strictly 
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convex, one obtains a unique direction ma on the limit cone ^a such that the 
supremuni 

sup |--^ 

is attained. This is called the growth direction of A. One remarks that the 
number of elements in a(A) that lie outside a given open cone containing U/\ 
has exponential growth rate strictly smaller than h/^. 

Denote dX for X's visual boundary and X = XUdX. Consider the function 
TT : ^ X 0+ — 7- dX defined as 

TT{kM,v) = 7r„(fcM) = lim /fee*"' • o 

i— >-oo 

(recall that J? — K/M and o — [K]). The following lemma is direct: 

Lemma 4.15. Let IS. he a Zariski dense subgroup of G, ua its growth direction, 
and consider a continuous function / : X — >■ M whose support does not intersect 
the 7r„^ {■!^)^ then 

ge/^:dx(o,go)<t 

when t goes to infinity. 



Proof. The lemma follows directly from the definition of the growth direction 

■UA- □ 

If one considers a linear functional (p G a* such that (p{v) > V'aI''^), then 
ll'/'ll ^ ''■A • One is thus interested in the set 

Da = {f e a* : (p> V'a}- 

Since ipp is homogeneous the set I?a is convex, hence it has a point closest to 
the origin, Q^. This linear form is the growth form of A. We remark that 0a 
is tangent to the growth indicator ^/^a in the growth direction ma- 

Fix from now on p : F — > G a Zariski dense hyperconvex representation. The 
cone .ifj' is the limit cone Jfp of p(r). 

In A.S.[16] we prove the following result: 

Theorem 4.16 (A.S.[16]). The growth indicator -ip p of a Zariski dense hypercon- 
vex representation p is strictly concave, analytic on the interior of the limit cone 
and with vertical tangent on its boundary. If Lp belongs to the interior of the cone 
^* then h^pip is tangent to ipp in the dual direction of (p. 

Remark 4.3. Hence for a Zariski dense hyperconvex representation, the growth 
direction Up is the dual direction of the growth form. 

The set ^n = ^ is Furstenberg's boundary of G's symmetric space. Denote 
^ : i9F — > .^ for p's equivariant map. The image C(^r) is the limit set Lp(p\ and 
thus 

CxC:d^r^d^Lp(^r) 
is a p-equivariant Holder homeomorphism. 
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Corollary 4.17. Let p : T ^ G be a Zariski dense hyperconvex representation. 
For each (p tangent to Tpp there exists a unique Patterson-Sullivan measure for 
if denoted v^p. Moreover, C, induces an isomorphism between ji^p and v^. 

Consequently the function 

C X C X id : d^Y x a ^ 9^ Lp(r) xa 

induces a p-equivariant isomorphism between the Bowcn-Margulis measures of 
^p on each side: 

Hence, theorem 4.13 together with remark 4.3 imply the following mixing 
property of the Weyl chamber flow. Recall that the rank of G is the dimension 
of a. 

Theorem 4.18. Let p :V ^> G be a Zariski dense hyperconvex representation, 
consider its growth form and Up is growth direction. Fix some vq G kerG, 
then there exists some positive constant k{vq) such that for any two continuous 
functions /o,/i : p(^)\G/M — > M with compact support one has 

(2^t)(-"'^(«)-i)/2xe(./o • fi o 6*"^+^''") ^ «(«o)xe(/o)xe(.fi) 
when t — > oo. 

5 The orbital counting problem 

In this section we show theorem A, for which we need a result of Thirion[18]. 

Theorem 5.1 (Thirion[18]). Let IS. be a Zariski dense discrete subgroup of G 
and Q its growth form. Assume its growth direction uq belongs to the interior 
of the Weyl chamber a^ and that the following bound holds: 

{g^^:dx{o,go)<t}<Ke\\'^\\K (3) 

// the Weyl chamber flow satisfies: given two compactly supported continuous 
functions /o, /i : A\G/M — >■ R one has 

(2^^)(rank(G)-l)/2^^_^(^^^ . f^ ^ ^tu^+Vtv.^ ^ «(«o)Xe (/o)Xe (/l) 

when t —7- cx), for some constant k.{vq) > 0, then there exists c > such that 

geA:d{o,go)<t 
2 

when f — > oo m C* {X ) where vq is the Patterson-Sullivan measure of the 
growth form Q. 
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Proof of theorem A. Fix p : F ^ G a Zariski dense hyperconvex representations. 
We want to show that 



ce-'** 



j:dx(o,p(j)-o)<t 



on C* {dV X dr) as t goes to infinity, where /ie is the Pattcrson-Sulhvan proba- 
bihty on dT of cocycle 9 o /3n : F x i9F — > M, O being the growth form of jo(F). 

2 

We will use the theorem of Thirion to obtain a convergence on X and then 
take the measures to dT x dT. 

We must thus verify the hypothesis of Fhirion's theorem 5.1: 

- the growth direction belongs to the interior of the Weyl chamber: this is 
direct consequence of lemma 4.2, 

- there exists C > such that #{7 e F : dxio,p{^)o) < t} < CeH^H*, this 
is shown in corollary 7.15 of A.S.[17], 

- the mixing property of the Weyl chamber flow is the statement of theorem 
4.18. 

We thus obtain convergence 



ce 

ier:dx(o,p{i)o)<t 



2 

when t — > 00 in C*{X ) where vq is the Patterson-Sullivan measure of the 

growth form O of piT). 

Using lemma 4.15 we obtain convergence of 



ee-lieil* 



-(er:dx(o,p{-()o)<t 



on C*{{dX)'^) when t ^- 00. 
This is to say 

■yer:dx{o,p('y)o)<t 

when t — > 00 on C*{{dX)'^). Since tt^^ is an homeomorphism onto its image we 
obtain the convergence 

7Gr:dx(o,p(7)o)<t 

when t ^ 00 on C*(^^). The fact that C*^e = A*e (corollary 4.17) finishes the 
proof. n 
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